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ON THE ASYMPTOTIC SOLUTION OF MIXED THREE-DIMENSIONAL PROBLEMS FOR
DOUBLE-LAYER ANISOTROPIC PLATES’

L.A. AGALOVYAN and R.C. GEVORKYAN

An asymptotic method /1/ is used to solve mixed three-dimensional problems
for double-layer anisotropic thermoelastic plates, and the possibility

of using the results obtained in computations of elastic bases and
foundations in the model of a compressible layer is examined. Additional
hypotheses on the nature of the displacement field distribution are not
required here, as was done earlier /2/ in the analysis of plates and
shells on an elastic basis in the model of a compressible layer. Exact
solutions of the internal problem are obtained in a number of cases.

This approach can be extended to the case of multilayer plates and shells.

1. The following problem is posed: it is required to find the solution of the equations
of the spatial problem of the theory of elasticity of an anisotropic layer in a domain
occupied by a double-layer plate Q = {a, f, v: &, p &= Q4, —hy, < y <k}, where Q, is the separation
plane, and h,, h, are the layer thicknesses (Fig.l). Specified volume forces Fo' (a,f, ) (a,
f,¥) and temperature effects, whose influence is taken into account by the theory of
temperature stresses using the Duhamel-Neumann law /3/, act on the plate. The quantities
referring to the upper layer are denocted by the superscript (1), and to the lower layer by
the superscript (2). On the facial surface of the lower layer y=—h, values of the
displacements are given, in particular, it is rigidly clamped (the displacement vector on the
surface equals zero)

v (— hy)= (o, BY, U (—ha) =07 (0, B), u (— ko) =w" (o, B) (1.1)

while on the plane y =h, one of the combinations of the following conditions is given

) () =u* (e, B), uf (Ba)=v" (&, B), uf”(hﬂmw*(a )} {1.2)
O () = £7toY(e, B), Of(Pn) = 7l0Fy (. B), O (Pu) =705y (0, B) (1.3)
oy () = e™lo i@, B), Um(hl)me_loﬂv(“ By (a)=w" (,'8) (1.4)

P (hy=ut (e, B), ul (h1)="v"(a,B), O (1) == €20 %y (2, B) (1.5)

The anisotropy is common and is characterised by 21 elastic
constants for each layer. The solution found should also satisfy
conditions of the lateral surface Sgwhich for the moment are considered
to be arbitrary. It will be seen from the subsequent exposition that these conditions do
not influence the internal state of stress in the problems under consideration; they are due
to the boundary layer.

In particular, problem (1.1), {(1.3) models the elastic basis-foundation in the model of
a compressible layer /2, 4/.

We introduce the dimensionless variables § = ola, n= Bla, § = v/h, = ea (e = hy/a, hy +
hy<< ay (if hy > h, it is best to introduce { = vy/h;, & = h,/a) and the dimensionless dis-
placements uw® = u./a, v® = y®a, w® = uy¥Wa, where a is the characteristic dimension of the
plate, i =1 for the upper layer and i =2 for the lower. The system of equations of the
spatial problem /3, 5/ (the equilibrium equations, the elasticity relations and the displacement
deformation) takes the form

Fig.l

{1) a8 (%}
1 ds i 8s 5 95, )
T g b et T Lol — o ke + 1.6)
2aky0bp + aF,‘,Z’ =0 (a B, §, m
) as® (1)
1 93 1 — i
T T B a?]v + et i akgoll) + akeofy + aFY’ =0
(1)
T+ ek = aﬁ’c&& + a§;’cré‘e’ + alfoly 4 . .. + algoly + al?8® (4,2, Biu,v)
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L2 e 2D — a0+ o} + .+ affoly + affew
o1 207 — a0+ aof} + ..+ afiel] + alfoe

5 o A (kau® + k) = a6 + . .. + afol + affe
A0 e 0 e+ ol ..+ afdo + ol

Here A, B are coefficients of the first quadratic form, ks, kg are curvatures, a;
are elastic compliance coefficients, oaj; are the coefficients of thermal expansion, and
00 = T® — T'y® js the temperature increment. Variability over the coordinate lines of the
middle surface can also be taken into account in (1.6) in a known manner. System (1.6) is
perturbed singularly by the small parameter e&. Its solution is comprised of the solution of
the internal problem and the boundary layer /1, 6/.

We will seek the solution of the internal problem, or the penetrating solution in the form

Q(i) == zs"Q”Q(i),s (gv m, a)v i—= 1' 2 (1'7)

where @@ is any of the quantities desired, and the summation is over s between zero and the
number of the approximation N. To determine the unknown coefficients @Q®#.#& we obtain a non-
contradictory system after substituting (lL.7) into (1.6), if /7/

%xg = —1 for the stresses %g =0 for the displacements (1.8)

In principle, the asymptotic form of the stresses and displacements corresponding to
conditions (1.8) differs from the asymptotic form of the same quantities in the classical
theory of both isotropic and anisotropic plates /1, 8/, i.e., when values of the stress are
given on the facial surfaces. In the problems under consideration here, the stresses generally
turn out to be equally correct. Let

FY —= e FHE M, L) (a,B,7), 00 =3et+g? (£ n,7) (1.9)

Substituting (l1.7) into (l1.6) and taking account of (1.8) and (1.9), we obtain the system
of governing equations in @Q®.* by the usual procedure. This system can be integrated with
respect to the variable {. Then by satisfying conditions (1.1) and the elastic contact
conditions for =0

U® = p®, P —=p@), O =uw®, ofy=0", (z,B,y) when =0 (1.10)
we obtain for Q®.:
Ug()i - ;1)023‘30 + Aﬁ)o(ﬁa‘v)o + Qﬂfxo + 0,((;&.3 (E, m, §) (a, ﬁ; 1, 2) (1.11)
0" = AQoV) + AL 0% + AR0Ls + oy (£, 1, T)
oGy =0G + 0 E ML) (@ B) o =0l + i E 0.0
uht = Doy -+ Dot + DI offjo + u® — u™ L =—1) +

w950, 0)
(u, v, w; 53, 43, 33; 54, 44, 34; 55, 45, 35),i=1,2

Here
ut©® = yx (ak, a’r])/a =0, s>0 (u,v,w) (1.12)
A(1) [al;)B({)_*_ a;})BU)_*_ aﬂ] (')]IA(1) A(l)__ [aI;)B(1)+ a(’) (1)+ ag;)B(%)]/A(i)
A(‘)_ [af‘)B: £ aé})B“) + a:})A(i)]/A(q A(‘) _(ail) aﬁ)ag)
A(i)_a(l) (1)+a(')A(f) +a(') (1)+a§:’), (1):#:‘45?, i k=3,4,5
(‘) §A£i)+ A’(‘SJ)' B(i) ag;)ag:) (')a;;)
Bid = (afd) — aifay, B =afleld —aidal) (1,2), BB
80 = afYaofy + 2aDaifalf — off (o) — o (ol — aff (@D
The quantities Qf’" (8, m, §) are known functions if the desired functions are known for

the approximations O0,1,...,(s—1). The following recursion formulas are obtained to evaluate
them:

t .

% (i e-1 stiis-1 X ;

odja=—\ [F = +F o ek — o ko + 2akeoly L FR] AL (@Bl (143)
[
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0. By aoiyt 1 ot ot sa o7
y 1), 8~ , $—]
o = 3 l i ) I B ZBY 4 akgolir® 4 akeoly Tt F,.J dg
/]
o s— __1pOplths | pipis | pp@syad (o 8: 26, 12: 12 16; 62, 61)
aox l"zt “e3 I o)z atg I &rgg il3 A \&, P95 20, 24, 2, 20, U5, V2

0‘(;‘);,: - [B(i)R(f),.r + B‘?Rg‘;i)" + A](;)Rgi)"]lA(i)
uor— 5 (0082 + a0y + ool + aofh’ + oo +

@) (3,8 1 8P @] e
a“Uw‘ _—ZT—t—al 3V Ja

4
wi = [afdolly + oldoff’ + ooy’ + ailofly’ +

(i), (1). . )al
aQulre + alolly + afyel] dt
aulihs-1 . (i) s

1 i), 2 i) (i), )
A a

= !
+ akave1 — aJoly,’ — aliohys
(1) _(3),8 {)q(i . .
Q16 Oayy — a{x)egl) (1,2;§,m:u,0)

(e __ 1 oulihed 1 gl et (D31 L Joopliha-1) —
Ry’ = B an A% —a(kau + kg )
alealny — el — aBolly — afPel’
It was assumed that the contribution of the volume forces and temperature effects is

commensurate with the contribution of the surface forces and displacements when obtaining the

relationships presented above. This will occur under the condition of validity of the

atlonsnips resente

asymptotic form (1.9), i.e., the volume forces should have sufficiently high intensity, other-
wise the corresponding components will appear in the equations for the subsequent approximations.

BY for the game

The large parameter g is inserted in the boundary conditions (1.3)-(1.5) for the same
reason, to conserve the commensurability of the stresses caused by given displacements and
surface forces.

The solution (1.7), (1.11) contains the still unknown functions ﬁ‘v‘,?o &, ), 0';(;;;)0 (& %), ov

(2,m), which are determined from conditions for y =k, ({ == ky/h,). By satisfying conditions

(1.2), for instance, we obtain

05 = (— csudV& + caadV’ + canaV V)AT (@, B3 4, 5) (1.14)
ofre = (cassV& + condV ) — cussV V) AT

Aj = Digscass + Dracsas — DesCau, Dip = ':.014;}:) + Aﬁ), Lo="rhilha

(277} =Dijl'l - Dl:]'Djlr j: k: = 3a 41 5

VO =ur® — w0y C=—1)—ul" (&) (@B viv,vw)

n('), — n’f(') g s ) (B ) ot __ 0.8 (&) (4.45)
Oyvo = Cyy e \ {229

a.'Vt ABU) My
corresponds to conditions (1.3), where oj’ =0}y (j=0,B,7), 0oy =0 =0y =0 for s>>0.

In the case of boundary conditions (1.4), we obtain

(2)
Gan =05y — oGy’ () (e, P) (1.16)
o= — " [ — 0 L P (= — 1) — ™ (o) —
) + e

Dy — Doyl
and for conditions (1.5) we have

Uc(:.q)n—(DuU(‘)—DuV('))/(DuDu—D»Du) (147)
Upyo— (DH,V(‘) — D“U('))/(DuDss - DGEDM)v GWO “;"v" "Y‘Y‘;‘ (Co)
U® =@ — 4= 4y (= — 1) — u@™* (G0) — Dssotie (1, )

Therefore, the solution of the internal problem is completely defined. As follows from

(1.9), (1.11), (1.14)-(1.17), it contains no additional arbitrary constants. This class of
problems is thus quite different from problems of the classical theory of plates and shells
(the solution of the internal problem corresponding to the classical theory /1, 8/ contains
constants that should be determined from conditions on the lateral surface). Since the
solution of the internal problem contains no greater arbitrariness, and the system of
boundary functions possesses the necessary completeness /9, 10/, then the conditions on the
lateral surface in the problems considered here will generate only solutions of boundary-
layer type, i.e., the boundary layer eliminates the residual on the lateral surface.
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2. An exact solution of the internal problem can be obtained in a number of cases. For
instance, when the anisotropy is rectilinear and the surface and volume forces of the

temperature vary polynomially, the appropriate iteration process is truncated and a closed
solution is obtained.

Let us examine some special cases when the plane y = —ha is rigidly clamped: u, (—h,) =
ug (—hy) = uy (—ky) = 0 and the following conditions are satisfied simultaneously.
1°. There are no volume forces and temperature changes, while a load of constant intensity
acts on the face plane y = h,
Oay (h1) = 0oy, Opy(h1)=0fy, Oy (hi)=0%; 0}y = const.
It follows from (1.9), (l1.11), (1.15)

oé:;— Ao+ Aohy + AL0%y, ofd= AQ0yy + AQ0hy + ADoly @4
tzB = Ag&)";v + Am"ﬂv + Aa)"aw “c(n; = Gy Uav = Oy "sn; Ow
ul) = Ry (DR0Yy + D0y + DP0sy), vl = hy (D 0y + Didaty + Da% )
W = hy (D), Soty + Ds(x?oav + Do), D) = tA+ A
g—y/h,, i=1,2
2°. A normal load, linearly dependent on the coordinates a, B

Oay (B1) = Oy (h1) = 0y Oy (By) = bya + by
acts on an orthotropic plate. The first approximations of the iteration process are different
from zero, and the following solution corresponds to them

Ota = A1} (b + baf), off = AL (bre + b:B), 03 =0 2-2)
c£;3=b1a+bzﬁ, Oy =bi(hid) — vAR), of) =5, (5148 —y4Q)
ug = bihi A} (ha AR + vAD) + 5 bi (4D AR — 24P AD) —
- ba (AP AR + 2yho AR + ¥ 4LD) (@, B br, be: 5, 4 13, 23)
) = (ha A + vAL) Bz + boB), i=1,2

3°. A constant normal displacement
Oay (fa) = 0y (i) =0, uy (1) = w* = const
is communicated to the surface ¢y =h,.

The iteration is cut off in the initial approximation, which yields

= Afaw*, of) = AP aw", oip = AP aw (2.3)

cf,x =0, OBY =0, of“), =aw*; a3 =(hAE + b AD
U = (VAR + heAD)aiwt (2, 8;5,4), ul’ = (AL + haA®) a0t

4°. We will calculate the temperature stresses in a double-layer orthotropic plate when
the temperature change in the first layer is 0W, and in the second is 0@®, where 60 = const
and 0® = const, there are no volume and surface forces Fo =Fy=Fy=0; 0oy = 0py =0y =0
for y=h,, and ug=ug=uy=0 for 9= —h,. Using (1.7), (1.9), (1.11)-(1.13) and (1.15)
we obtain ; 5 Dagin g (D
O = B0, off = B0, oif = — (70D aly (2:4)
o,(fy’—os u@—o i=1,2
u = 00k, + o000y, (a, B; 13, 23), ul) = BOWh, + BL6OY
B’ = (ool — afal)/[ePaly — (ald)]. (Bi, Bz 11, 22)
B —a? B(i) + a(ﬁB(-) +ald

If the temperature varies linearly over the layer thicknesses, 6% — b,7+d there results
from these same formulas

=B by +d), ofd =B by +d) @5
o) = — a§;> @D By + d), ol =of) =0l =0

u = afha (4 ———bzhz) +afd (%biv' +vd) (o B;13,23)

u) = By (d — - boha) + B (- buv* + 1)

59, Let the facial surface of the plate be rigidly clamped: uy = up =uy =0 for y =h,;
—h,, there are no volume and surface forces, and the temperature varies in an arbitrary
manner over the thickness (Fig.2). Taking account of (1.9), (1.11)-(1.13), we obtain for the
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expansion coefficients (1.7)
hi/he

-1
oy = ha (hi AR + h AR) (. 1‘§’S 0P ar —aff § o dg) 2.6)

U
u® = (LAD 4+ A2 ol — (z)S 02 dt +a“’$6§“d§
{a, B; uy v; 13, 23; 5, 4)
. hyfhy
oy = hy (hi AR + ha )1 (B S oPdr — B § o ar)
0
oa' = ARo\" + B (2,B:1,2), ol =—oii (a) 107
—1
wi = (LAG + 4) oyt — B § 6 g + B S 6" dg
[ 0

In particular, when 0% = comst, a solution of the problem is

oba = — Af3 (BOWh; + BPOOR,) (hidf + had)™ + B0 2.7
o8 = — (@P0Vhi + affOWhy) (B AR + haA@)?
U = — (14K 4 72 AR) @00k +- aff6hs) (AR + h2AR)? +
afy0@h, 1 o700y (a, B; 13, 23; By, By; 5, 4
, )
0uh = — o (ald) 100, Oy = — (BEUOWhy + BPO®h) (M AT + haAF)
u) = — (VAG + haAR) (BB + BPOORs) (aAG + heAR) +

BPowp, + B8ty
It is possible to write down solutions of problems corresponding to load and temperature

changes using high-degree polynomials. For complex loads they can be approximated by a
polynomial, then the appropriate exact solution can be written down.

LLLLLLIL LI L L L L
i
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I7177.

Fig.2

3. The asymptotic method can be used to compute elastic bases and foundations. A number

of models of an elastic base exists /2, 4, 11/. These models can be classified as follows:

1) the Winkler-Zimmermann-Fusse model, or the model of the bed coefficient, 2) the model of

a base with two elastic characteristics, or the model of a single-layer base (V.Z. Vlasov,

pP.L. Pasternak, M.M. Filonenko-Borodich), 3) the model of an elastic half-space (half-plane)
with constant or variable elastic modulus over the depth, 4) the model of a compressible layer.
The elastic modulus is considered constant or variable over the layer thickness (V.Z. Vliasov-
N.N., Leont'ev, G.K. Klein, K.E. Egorov, et al.).

Compared with the Fusse-Winkler-Zimmermann model of an elastic base, the model of a
compressible layer has the advantage that it enables the state of stress and strain of the
pasis itself to be assessed also. In the general case, the corresponding three-dimensional
problem of thermoelasticity must be solved by this model in the general case. The model is
described mathematically by the problem (1.1), (1.3). Having the solution of the problem, a
judgment can be made on the validity of the kinematic hypotheses taken in /2/, and the
validity of the Fusse-Winkler hypothesis can also be verified.

It follows from (2.1) that if the anisotropy is arbitrary, then even under a normal uniform
load all the displacements are equally correct. It is natural that they remain the same even
for tangential loads. If the base material is isotropic or orthotropic, then the normal
displacement is the main one under the effect of a normal load, and the tangential displacements
either equal zero as in the case of a uniform load, or are an order less as compared with a
normal displacement under a non-uniform load. This can be seen by going over to dimensionless
variables in (2.1), (2.2). It hence follows that the kinematic representations taken in /2/
hold for a uniform laod and are approximate, but sufficiently exact, for practical applications
for non-uniform normal loads. These representations cannot be extended to the case of a
foundation with arbitrary anisotropy.

From (2.1) we write down the values of the stresses and displacements for points of the
contact surface (we denote them by the superscript ¢) corresponding to a normal load

Sy =Sy =0 iy =10y 31
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) . i o, . N

o) (v=0) = Aoy, off (v=0) = AQoy,, o1 =0)= Aoy, i =12
¢ + e __ 42 + — A «*

uy’ = ATy, uy’ = ARhasyy, = AFhsy,

It follows from (3.1) that under the effect of a constant normal load the contact surface
points always have tangential displacements proproticnal to the load, where the proportionality
factors are different for the different displacement components. It hence follows that when
the anisotropy of the base is arbitrary, the Fusse-Winkler model is inapplicable. If
orthotropy holds and the principal directions agree with the coordinates, then A,® = 449 =
and there is a relationship uf==<A”&V%%wﬂ between the displacement of the point of contact
and the reactive pressure, or

Sy = Uy AR R) @.2)

i.e., the Winkler-Fusse hypothesis is satisfied exactly, and k= 1/(du®hy) is the bed coefficient.
For the isotropic case, calculating the value of Ag® from (1.12), we obtain

. U —vg) By
=T g -y

(3.3

which agrees with the known bed coefficient proposed by N.M. Gersevanov (/4/, p.56). It
follows from (2.3) that this same bed coefficient is obtained when the facial surface y=hk
receives a normal displacement, in the case of a temperature effect it follows from (2.4)-(2.7)
that the above-mentioned proportionality does not exist.

If the normal load is variable, then the tangential displacements of points of the contact
surface become different from zero in both the orthotropic and isotropic cases, and additional
components to the Winkler ones appear in the expression for the normal displacement. However,
it can be seen {see (2.2)) that these components are of an order of magnitude less than the
Winkler ones. Consequently, although the Winkler-Fusse hypothesis is not satified exactly
mathematically because of the variability of the external load, it is acceptable within known
limits.

We also note that when we speak of the applicability of any model, the above is valid for
the internal problem, i.e., at a distance from the lateral surface egual to the boundary-
layer damping zone (edge effects), If other stress or displacement values than those that
result from the solution of the internal problem are given on the lateral surface of the plate,
then a boundary layer occurs where there is no proportional dependence between the normal
displacement and the reactive pressure. In the case of one compressible layer, the plane
boundary layer is studied in /9/ and the question of its interaction with the solution of the
internal problem is discussed. The fundamental relationships of the spatial boundary layer
are obtained in /10/. It is shown that the boundary layer damps out exponentially, while the
value of the exponent depends on the elastic properties of the material., The boundary layer
is constructed by the same method for laminar plates. We say that probems of laminar plates
and shells with an arbitrary number of layers can be sclved by the same asymptotic method
even when the elastic moduli are variable over the thickness of each layer.

Contact problems- of anisotropic shells and plates can be solved by using the solution of
the internal problem and the boundary layers of the mixed problems mentioned.
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STABILITY OF CIRCULAR PLATES FROM AGEING VISCOELASTIC MATERIAL"

A.D. DROZDOV AND D.M. ZHUKHOVITSKII

Stability conditions are obtained for circular plates of an inhomogeneously-
ageing viscoelastic material for an arbitrary creep kernel and different
methods of plate support. Stability in an infinite time interval
corresponds to determination of the Lyapunov stability, and in a finite
interval, Chetayev stability.

1. Formulation of the problem. Consider the axisymmetric deformation of a circular
plate of constant thickness h and radius R. We introduce a cylindrical rgz coordinate
system whose origin is at the centre of the plate middle plane in the undeformed state, while
the z-axis is perpendicular to this plane. At a time t£=0 an external load is applied to
the plate. We denote the age of the plate material at the point r at the time of external
load application by p (r). The function p (r) is piecewise-continuous and bounded.

The stress q; and strain eg;; tensor components (i, j=r, ¢,2) are connected by the
relationships

e;; =1+~ (I + L)s,;/E, e = (1—2v) o/E (1.1)
sy=E{l +v)y1(I —N)e;;, 0 =E(1—-2v)e
G =(0pr + Ogo + 022)/3, €= (8 + Egp + £,,)/3

e;;=g; —eby, s;;=0;—0d;

t
Iz=z@), Le={1t+p,t+p)z(r)dy,
. °
Nz={n(t+p1+p)z(r)yd
0
Here E is the constant modulus of elastic instantaneous deformation, v is the constant
Poisson's ratio, §;; are Kronecker deltas, I is the unit operator, L is the creep operator,
N is the relaxation operator, and I(¢, 1) and n(¢ 1) are the creep and relaxation kernels.
The external load applied to the plate consists of a transverse distributed load of
intensity ¢ (r) and compressive forces of constant magnitude p.
Let w (i, r) denote the plate deflection at the point r at the time ¢, w, the maximum
allowable value of the deflection, and T, the first time the deflection reaches the value w,.

Definition 1. A plate is called Lyapuncv stable in an infinite time interval if for any
e >0 there exists a §(e) >0 such that the estimate |w(t, r)|[<e (¢>0, r [0, Rl) follows
from the inequality |[g(r)|<(¥d

Definition 2. A plate is called stable in an interval [0, Tl if T < T,.

The aim of this paper is to obtain the conditions for the magnitudes of the compressive
forces p for which the plate is stable according to Defintions 1 and 2.

2. Governing equations. sSuppose an axisymmetric generalized plane state of stress
exists in the plate. Then ¢, =0 and the quantities o, (i =r, ¢, 2) can be neglected. We
consequently obtain from (1.1)

O = E (1 — v [(4 =) (I —N) e+ v (I — K) (er + )] 2.1)
Oop = E (1 — v — v) (I — Negy + v(I — K) (rr + 2o0)]
K=N{I—(1+v) (1—2v) 3v~—3v3)1 [T+ (1 + v x (3—3v)* LI}
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